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Abstract 



The study deals with the interior capacities of condensers in a locally 
compact space, a condenser being treated here as a countable, locally fi- 
nite collection of closed sets Ai, i G I, with the sign +1 or —1 prescribed 
such that the oppositely signed sets are mutually disjoint. We are con- 
cerned with the minimal energy problem over the class of linear combina- 
tions (sign^4i) //, where // is a nonnegative Radon measure supported 
by Ai and normalized by J gid/j* = ai, gi and ai being given. For all posi- 
tive definite kernels satisfying Fuglede's condition of consistency between the 
strong and vague (= weak*) topologies, we establish sufficient conditions for 
the existence of minimizers and analyze properties of their uniqueness, com- 
pactness, and continuity. 

1 Introduction 

The present work is devoted to further development of the theory of interior ca- 
pacities of condensers in a locally compact space. A condenser will be treated here 
as a countable, locally finite collection A of closed sets A;, i G /, with the sign +1 
or —1 prescribed such that the oppositely signed sets are mutually disjoint. 

For a background of the theory for condensers of finitely many plates we refer 

the reader to PHQ1, ^ Chap - VIII 1' and EH"E3^ see also S3 Cha P- 5 ] and d> 
where the condensers were additionally assumed to be compact. 

The reader is expected to be familiar with the principal notions and results of 
the theory of measures and integration on a locally compact space; its exposition 
can be found in [2J [8] (see also [9[ [22] for a brief survey) . 

In all that follows, X denotes a locally compact Hausdorff space and 9JI — 9Jt(X) 
the linear space of all real-valued Radon measures i/onX equipped with the vague 
(= weak*) topology, i. e., the topology of pointwise convergence on the class Co(X) 
of all real- valued continuous functions ip on X with compact support. 

A kernel k on X is meant to be an element from $(X x X), where $(Y) consist 
of all lower semicontinuous functions ip : Y — > (— oo, oo] such that ip ^ unless Y 
is compact. Given v, v\ G 9JI, the mutual energy and the potential with respect to 
a kernel k are defined respectively by 



(Here and in the sequel, when introducing notation, we always tacitly assume the 
corresponding object on the right to be well defined.) For v = v\ the mutual energy 
k{v, v\) defines the energy of v. Let £ consist of all v G !Jt with — oo < n{y, v) < oo. 
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k(x, y) d(y ® v\)[x, y) and «(■,&/): 




We shall be mainly concerned with a positive definite kernel re, which means 
that it is symmetric (i. e., k(x, y) — n{y, x) for all x, y € X) and the energy k{v, v), 
v G 971, is nonnegative whenever defined. Then £ forms a pre-Hilbert space with 
the scalar product k{v, v{) and the seminorm \\v\\e := yj k(v, v) (see [9]). A positive 
definite kernel re is called strictly positive definite if the seminorm |j • ||g is a norm. 

Let 97t + (£') consist of all nonnegative measures v e 97? supported by E, where 
E is a given closed subset of X, and let £ + {E) := DJl + (E) n £. We also write 
971+ := 971+ (X) and £+ := £+(X). 

Given a condenser A = (Aj)^ e /, we consider the class 971(A) of all linear 
combinations ^ — a «/A where on := signA^ and \i l S 97t+(A.;), equipped 

with a relation of identity and a topology so that it becomes homeomorphic to 
the product space Yl ieI 97t+(Ai) (where every 97t+(Ai) is endowed with the vague 
topology). We call the corresponding topology on 971(A) the A-vague topology. 

To introduce a proper notion of energy re(/i, (j,) of /i € 971(A), we observe that, 
due to the local finiteness of a condenser, there is a unique Radon measure R^l e 971 
such that RfJ,{(p) — J2iei a it J > t ( i P) f° r an <P e Co(X). Therefore, it is reasonable to 
set k(p, h) := n(Rfi, Rfi). This notion can equivalently be defined also by 

(see Sec. 13.41) . which is in agreement with an electrostatic interpretation of a con- 
denser. Let £ (A) consist of all /i e 971(A) whose energy is finite. 

Having fixed a vector-valued function g = (gi)iej, where all <7j : X — > (0, oo) are 
continuous, and a numerical vector a = (a,)j e j with > 0, we next define the in- 
terior capacity of a condenser A (with respect to k, a, and g) as l/inf re(^i,/i), the 
infimum being taken over all 6 £ (A) normalized by J gi d/i 1 = a.;, i E I. Along 
with its electrostatic interpretation, such a notion has found various important 
applications to approximation theory, geometrical function theory, and potential 
theory itself (see the books [HI [HI [20] and the references cited therein) . 

The main question we shall be interested in is whether minimizers Aa in the 
above minimal energy problem exist. If A is finite, all Ai are compact, while k(x, y) 
is continuous on Ai x Aj whenever ai ^ otj, then the existence of those Aa can 
be easily established by exploiting the A-vague topology only (see [TU Th. 2.30]; 
cf. also [TTJ [12l [HI [20] , related to the logarithmic kernel in the plane). However, the 
question becomes rather nontrivial if any of these three assumptions is dropped. 

To solve the problem on the existence of minimizers Aa in the general case 
where A is infinite and (or) noncompact, we restrict ourselves to positive definite 
kernels and work out an approach based on the following arguments. 

The set £ (A) forms a semimetric space with the semimetric 

r„ . -i 1/2 

llMi -M2||f(A) := H-RMi -R^Ws = [2^ ctiCtj K(p\ - - ^ 3 2 )J , 

i,j£l 

and, for rather general k, g, and a, the topological subspace of £ (A) consisting of 
all fi with J gidfi 1 ^ c^, i £ /, is complete (see Sec. 16.21) . 
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Using these arguments, we obtain sufficient conditions for the existence of min- 
imizers Aa and establish statements on their uniqueness, A-vague compactness, 
and continuity under exhaustion of A by K with compact Kj,,i £ I. See Sec.[S] 

The results obtained and the approach applied develop and generalize the cor- 
responding ones from the author's articles [HJ [211 [M] , re ^ a ted to the condensers 
of finitely many plates. 

2 Preliminaries: topologies, consistent and perfect kernels 

From now on, the kernel under consideration is always assumed to be positive 
definite. In addition to the strong topology on £ , determined by the seminorm 
|| • || := || • || g, it is often useful to consider the weak topology on £, defined by means 
of the scminorms v \-> \k(v, \x s £ (see [9]). The Cauchy-Schwarz inequality 

\k(u, ^ H^ll \\fi\\, where v, (j, € £, 

implies immediately that the strong topology on £ is finer than the weak one. 

In [SI [TU], B. Fuglede introduced the following two equivalent properties of 
consistency between the induced strong, weak, and vague topologies on £ + : 

(Ci) Every strong Cauchy net in £ + converges strongly to every its vague cluster 
point; 

(C2) Every strongly bounded and vaguely convergent net in £ + converges weakly 
to the vague limit. 

Definition 2.1. Following Fuglede [9], we call a kernel k consistent if it satisfies 
either of the properties (Ci) and (C2), and perfect if, in addition, it is strictly 
positive definite. 

Remark 2.1. One has to consider nets or filters in 9H + instead of sequences, 
since the vague topology in general does not satisfy the first axiom of countability. 
We follow Moore's and Smith's theory of convergence, based on the concept of 
nets (see [17] : cf. also [SJ Chap. 0] and [HI Chap. 2]). However, if X is metrizable 
and countable at infinity, then 9Jt + satisfies the first axiom of countability (see [9l 
Lemma 1.2.1]) and the use of nets may be avoided. 

Theorem 2.1 (Fuglede 9 ). A kernel k is perfect if and only if £ + is strongly 
complete and the strong topology on £ + is finer than the vague one. 

Example 2.1. In M. n , n ^ 3, the Newtonian kernel \x — y\ 2 ~ n is perfect [4]. So are 
the Riesz kernel \x — y\ a ~ n , < a < n, in R™, n > 2 0[6], and the restriction of the 
logarithmic kernel — log \x — y\ in M 2 to an open unit ball (see [E]). Furthermore, 
if D is an open set in R™, n ^ 2, and its generalized Green function go exists (see, 
e.g., [TU Th. 5.24]), then g D is perfect as well [7]. 

Remark 2.2. As is seen from the above definitions and Theorem l2.11 the concept 
of consistent or perfect kernels is an efficient tool in minimal energy problems over 
nonnegative Radon measures with finite energy. Indeed, the theory of capacities 
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of sets has been developed in [5] exactly for those kernels. We shall show that this 
concept is efficient, as well, in minimal energy problems over (finite or infinite) 
linear combinations fi G £ (A), A being a condenser. This is guaranteed by the 
completeness of proper topological subspaces of £(A), established in Sec. l6.2l below. 

3 Condensers, associated measures, energies and potentials 

We start by introducing and discussing basic concepts of the theory of interior 
capacities of condensers, some of which have already been briefly mentioned in the 
Introduction (cf. also [25]). 

3.1 Condensers 

Let J + and I~ be countable (finite or infinite) disjoint sets of indices i G N, where 
the latter is allowed to be empty, and let / denote their union. Assume that to 
every i £ I there corresponds a nonempty, closed set Aj C X. 

Definition 3.1. A collection A = (A)iei is called an (I + , J - )- condenser (or 
simply a condenser) in X if every compact subset of X intersects with at most 
finitely many A% and 

Aj n Aj = for all i e I + , j G I~ . (3.1) 

The sets Ajj * € I + , & n d Aj, j G I~ , are called the positive and, respectively, 
negative plates of the condenser A. Note that any two equally signed plates can 
intersect each other. Given I + and I~ . let € = <t(I + ,I~) be the class of all 
(/+, /~)-condensers in X. A condenser A G £ is said to be compact if so are 
all Aj, i € I, and finite if I is finite. Also the following notation will be used: 

A+ := |J A, A' := |J A- 

iei+ iei- 

Observe that A + and A~ might both be noncompact even for a compact A. 

3.2 Measures associated with a condenser. A-vague topology 

With the preceding notation, write 

_ / +1 if i G I+, 
ai :_ \ -l if i el-. 

Given A G £, let 9Jt(A) consist of all (finite or infinite) linear combinations 

jU := V] "i/A where G 97l + (A i ). 

ieJ 

Any two pLi and in 9Jt(A) are regarded to be identical (/ii = /12) if and only 
if fi\ — fi l 2 for all i E I, Then, under the relation of identity thus defined, the 
following correspondence is one-to-one: 

SJl(A) 3 fi ^ ( t i% e i G n^ + (^)- 
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We call /j, £ 971(A) a measure associated with A, and /i l its i- coordinate. 

For measures associated with a condenser, it is therefore natural to introduce 
the following concept of convergence, actually corresponding to the vague conver- 
gence by coordinates. Let S denote a directed set of indices, and let fx s , s E S, 
and no be given elements of the class 971(A). 

Definition 3.2. A net (fj, s ) se s is said to converge to (j,q A-vaguely if 
Ms ~~ ► f-o vaguely for all i E I. 

Then 97t(A), equipped with the topology of A- vague convergence, becomes 
homeomorphic to the product space Yiiei where every 97t + (A;) is en- 

dowed with the vague topology. Since 97t(X) is Hausdorff, so are both the spaces 
971(A) and U ie i^ + (^i) (see, e.g., [H2 Chap. 3, Th. 5]). 

Similarly, a set 5 C 971(A) is called A-vaguely bounded if all its i-projections 
are vaguely bounded — that is, if for every ip E Cq(X) and every i £ /, 

sup |/i*(<^)| < CO. 

Lemma 3.1. Any A-vaguely bounded part o/97T(A) is A-vaguely relatively com- 
pact. 

Proof. Since by [2] Chap. Ill, § 2, Prop. 9] any vaguely bounded and closed part 
of 971 is vaguely compact, the lemma follows from Tychonoff's theorem on the 
product of compact spaces (see, e.g., Q]3 Chap. 5, Th. 13]). □ 

3.3 Mapping R : 971(A) ->■ 97T. Relation of equivalency on 971(A) 

Since each compact subset of X intersects with at most finitely many Ai , for every 
<p E Co(X) only a finite number of ^(f) (where [i E 971(A) is given), are nonzero. 
This yields that to every [i £ 971(A) there corresponds a unique Radon measure R[i 
such that 

RfJ.(<p) = Oifi l (ip) for all ip £ C (X); 
iei 

due to (13. ip . positive and negative parts in Jordan's decomposition of Rfi can 
respectively be written in the form 

Rfi + =^2, ^ and Rfi>~~ = ^ jtx\ 

i£l+ i£l~ 

Of course, the mapping R : 971(A) — > 97t thus defined is in general non-injective, 
i.e., one may choose /ii, /12 £ 971(A) so that [i\ ^ /12, while R\i\ = R[ii- We 
call fj.%, H2 S 971(A) equivalent in 97t(A), and write \i\ = /i2, if their i?-images 
coincide — or, which is equivalent, whenever J2i£i (A. = Ma* 

Observe that the relation of equivalency in 971(A) implies that of identity (and, 
hence, these two relations on 971(A) are actually equivalent) if and only if all Ai, 
i E I, are mutually disjoint. 
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Lemma 3.2. The A-vague convergence of (/i s ) se s to fiQ implies the vague con- 
vergence of (Rfi s ) S £s to R/j,q. 

Proof. This is obvious since the support of any (p £ Co(X) might have points in 
common with only a finite number of Ai. □ 

Remark 3.1. Lemma 13.21 in general can not be inverted. However, if all Ai, 
i £ 7, are mutually disjoint, then the vague convergence of (i?/x s ) se s to i?/io 
implies the A-vague convergence of (/i s ) se s to /io- This can be seen by using the 
Tietze-Urysohn extension theorem (see, e.g., [5J Th. 0.2.13]). 



3.4 Energies and potentials of measures associated with a condenser 

To introduce energies and potentials of linear combinations fi £ dJt(A), we start 
with the following two lemmas, the former one being well known (see, e. g., [5]). 

Lemma 3.3. Let Y be a locally compact H aus dor ff space. If tp £ 3>(Y) is given, 
then the map v i— > J tpdv is vaguely lower semicontinuous on !2Jt + (Y). 

Lemma 3.4. Fix /i £ 9Jt(A) and tp £ ^(X). // / ipdR^i is well defined, then 

J tp dR^i = at J tp dn\ (3.2) 

iei 

and J tp dR/i is finite if and only if the series on the right converges absolutely. 

Proof. We can certainly assume tp to be nonnegative, for if not, we replace tp by 
a function tp' ^ obtained by adding to tp a suitable constant c > 0, which is 
always possible since a lower semicontinuous function is bounded from below on a 
compact space. Hence, 

/ tpdRn+ > X I tpdfj for all N £ N. 

On the other hand, the sum of (j? over all i £ I + that do not exceed N ap- 
proaches Rfi + vaguely as N — > oo; consequently, by Lemma l3.3[ 



/ tpdRu+ lim V ipdu\ 



Combining the last two inequalities and then letting N — > oo yields 



[ tPdRn + = X) / 



Since the same holds true for Rfi and I instead of Rfi + and I + , respectively, 
the lemma follows. □ 
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Corollary 3.1. Given jj,, fix G SDl(A) and x G X, we have 

k(x,R/j,) = aiK{x,pb % ), (3-3) 

k{RH,R[ii) = 2J ot i ajK(fJ,' l ,iJ l J 1 ), (3.4) 

eac/i o/ the identities being understood in the sense that its right-hand side is well 
defined whenever so is the left-hand one and then they coincide. Furthermore, the 
left-hand side in (|3.3p or in (|3.4p is finite if and only if the corresponding series 
on the right converges absolutely. 

Proof. Relation (|3.3[) is a direct consequence of (|3.2j) . while (|3.4I) follows from 
Fubini's theorem (cf. [3 § 8, Th. 1]) and Lemma [3.41 on account of the fact that 
k(x, v), where v G 9Jt + is given, is lower semicontinuous on X (see, e. g., [9]). □ 

Definition 3.3. Given /i, [i\ G 9Jt(A), we call k(-,/i) :— n{- ,R^l) the potential 
of fi and n(p, fj,i) := k(R[a, Rfii) the mutual energy of /i and fi\. For fi = fii we 
get the energy k(/j,, /i) of /u; i. e., if k(R/i, Rfi) is well defined, then 

n(fi, [i) := k(R[j,, R[i) = aiajK^jL 1 , fjp). (3-5) 

Corollary 3.2. For [i G 9Jt(A) to be of finite energy, it is necessary and sufficient 
that /x* G £ for all i £ I and 

iei 

Proof. This follows from fl3.5[) due to the inequality 2k(^!,z/ 2 ) ^ II ^i II 2 + II v 2 II 2 , 
where V\, v% € £ . □ 

Remark 3.2. Observe that, for every G 971(A), the series in (|3.5|) actually de- 
fines the energy of the corresponding infinitely dimensional vector measure (//)i S j 
relative to the interaction matrix (ctiaj)ij e i ; compare with [TTJ [12] and [151 
Chap. 5, § 4]. Our approach, however, is essentially based on the fact that, due 
to the specific form of interaction matrix, that value can also be obtained as the 
energy of the corresponding scalar Radon measure Rfi. 

Remark 3.3. Since we make no difference between fi G 9Jl(A) and Rfi when deal- 
ing with their energies or potentials, we shall sometimes call a measure associated 
with A simply a measure — certainly, if this causes no confusion. 

3.5 Strong topology on £ (A) 

Let £(A) consist of all /i G 5D?(A) of finite energy /i). Since 9Jt(A) forms a 
convex cone, it follows from Corollary 13.21 that so does £(A). 
Let us treat £ (A) as a semimetric space with the semimetric 

-M2II : = llMi — A*a||£(A := \\Rpi - Rfm\\e, Mi, M2 e £ (A); (3.6) 
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then £ (A) and its R- image become isometric. Similarly with the terminology in £ , 
the topology on £(A) defined by means of the semimetric (|3.6[) is called strong. 

Two elements of £(A), fix and (12, are called equivalent in £(A) i£ ||/L*i — A*2|| = 0. 
If, in addition, the kernel k is assumed to be strictly positive definite, then the 
equivalence in £(A) implies that in 971(A) (namely, then \i\ = ^2), and it implies 
the identity (i. e., then [i\ = ^2) if, moreover, all A4, i € I, are mutually disjoint. 

4 Interior capacities of condensers. Elementary properties 

Given a set ~H in the semimetric space £(A), let us introduce the quantity 

ll^f := mf IIHI 2 , 

interpreted as +00 if H is empty. If ||H|| 2 < 00, one can consider the variational 
problem on the existence of Xu G % with minimal energy ||A-h|| 2 = ||%|| 2 ; such a 
problem will be referred to as the 7i- problem. The ^-problem is called solvable if 
a minimizer A% exists. 



4.1 Capacity of a condenser 

Fix a vector-valued function g = (gi)i£i, where all gi : X — > (0, 00) are continuous, 
and a numerical vector a = (ai)jgi with a,\ > 0. Given a condenser A, write 

M+iA^a^g,) := {;/ e 9tt+(A:) : Jgidv = ai }, iel, 

and let 9Jl(A,a, g) consist of all /i G SDT(A) with e 93t + (A 4 , a i; g,) for all i E I. 
Given a kernel k, also write 

£ + {A t , ai ,g t ) :=m + {A i ,a i ,g i ) n£, £(A,a,g) := 9Jt(A, a, g) n £(A). 

Definition 4.1. We shall call the value 

1 

cap A := cap (A, a, g) 



l|£(A,a,g)|| 2 

the (interior) capacity of an (/ + , / _ )-condenser A (with respect to k, a, and g). 

Here and in the sequel, we adopt the convention that 1/0 = +00. Then, by the 
positive definiteness of the kernel, ^ cap A ^ 00; necessary and (or) sufficient 
conditions for < cap A < 00 to hold will be provided in Sec. 14.31 below (see 
also Corollary I7.2|) . 



4.2 Continuity property 

On £ = it is natural to introduce an ordering relation -< by declaring 

A' -< A to mean that A\ C Ai for all i G I. Here, A' = (A / i ) ie i. Then cap ( ■ , a, g) 
is a nondecreasing function of a condenser, namely 

cap (A', a, g) $C cap (A, a, g) whenever A' -< A. (4-1) 
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Given Ae£, let us consider the increasing family {K}a of all compact condensers 
K = {Ki) ieI e € such that K -< A. 

Lemma 4.1. //K ranges over {K}a, then 

cap (A, a, g) = Jim cap (K, a, g). (4.2) 

KtA 

Proof. We can certainly assume cap (A, a, g) to be nonzero, since otherwise (|4.2[) fol- 
lows at once from (|4.1I) . Then the set £(A, a, g) must be nonempty; fix fx, one of 
its elements. Given K 6 {K}a and i 6 J, let denote the trace of // upon Ki, 
i.e., [i l K :— fi l K .. Applying Lemma 1.2.2 from |9], we conclude that 

gidi/ = lim g l d^ K , iel, (4.3) 

KtA J 

«(m\M j ) = £m k04c,a4c)> *>J e 7 - ( 4 - 4 ) 

Fix e > 0. It follows from (I4.3[) and (I4.4[) that for every i 6 I one can choose 
a compact set Kf C Aj so that 

<l+e*- 2 , (4.5) 



/ 3» 

|||/ii| 2 -|Kof| <e 2 r 4 . (4.6) 

Having denoted K° := (K®)i e i, for every K g {K}a that follows K° we therefore 
have J <7i d/x^ 7^ and 

Ak == E T^V 6 ^ (K, a, g), (4.7) 

the finiteness of the energy being obtained from (|4.6[) and Corollary 13.21 Thus, 

||AK|| 2 ^||^K,a,g)|| 2 . (4.8) 
We next proceed by showing that 

||/i|| 2 = lim ||Ak|| 2 . (4.9) 

To this end, it can be assumed that n > 0; for if not, then A must be finite since 
X is compact, and (|4.9p follows from (|4.3[) and (|4.4I) when substituted into ()3.5|) . 
Therefore, for every K that follows Ko and every i £ I we get 

HMklKI^KII^ + ^M-ll, (4.10) 
WS-nUKei- 2 , (4.11) 







the latter being clear from (|4.6[) because of k^/x^,//' — fi\^) ^ 0. Furthermore, 
by (I33D, 

|IHI 2 -HAk|| 2 | *S £ k/*V)- r ai , t a > g «(/4c,/4) 

< £ ['«0* i -|4c.A* i ) + «04c.A* i -/4)+ (-r^H"T^TT _ O^k.^k) • 
lje / L v J .9i "Mk J Sj 7 J 

When combined with (|4~5j) . (|4.10[) . and (|4.1ip . this yields 

|II^H 2 -||Ak|| 2 | <Me for all K >- K , 

where M is finite and independent of K, and the required relation (|4.9p follows. 

Substituting (|4. 8[) into (|4.9p . in view of the arbitrary choice of G £(A, a, g) 
we get 

||£(A,a,g)|| 2 > lim ||£(K,a,g)|| 2 . 

Since the converse inequality is obvious from (|4.1[) . the proof is complete. □ 

Let £q(A, a, g) denote the class of all /i e 8 (A, a, g) such that, for every i e /, 
the support S^ 1 ) of \x l is compact and contained in Ai. 

Corollary 4.1. TTie capacity cap (A, a, g) remains unchanged if the class £ (A, a, g) 
in i£s definition is replaced by £o(A, a, g). In other words, 

||£(A,a,g)|| 2 H|£ (A,a,g)|| 2 . 

Proof. We can assume that ||£ (A, a, g) || 2 < oo, since otherwise the corollary fol- 
lows from £o(A, a, g) C £ (A, a, g). Then, by (|4. 1 [) and (|4.2I) . for every e > there 
exists a compact condenser K -< A such that ||£(K, a, g)|| 2 ^ ||£(A, a, g)|| 2 + e. 
This proves the corollary when combined with the inequalities 

||£(K,a,g)|| 2 > ||£ (A,a,g)|| 2 ^ ||£(A,a,g)|| 2 . 

□ 

4.3 When does < cap A < oo hold? 

In all that follows it is required that 

cap (A, a, g) > 0. (4.12) 

Lemma 4.2. For (|4.12l) to hold, it is necessary and sufficient that any of the 
following three conditions be satisfied: 

(i) £(A, a, g) is nonempty; 

(ii) there exist Vi e £ + (Ai, ai, gi) for all i £ I such that \\ u i\\ 2 < 00 ! 

(iii) E ie / \\£ + (A l ,a l ,g i )\\ 2 < oo. 
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Proof. The equivalency of (|4.12l) and (i) is obvious, while that of (i) and (ii) can 
be obtained directly from Corollarv l3.2l If (iii) is true, then for every i € I one can 
choose Vi G £ + (Ai, a,, gi) so that \\vi\\ 2 < \\£ + {Ai, a,, <7,) || 2 -M -2 , and (ii) follows. 
Since (ii) obviously yields (iii), the proof is complete. □ 

Let C( • ) denote the interior capacity of a set with respect to the kernel k [9] . 

Corollary 4.2. For (|4.12j) to 6e satisfied, it is necessary that 

C{Ai) > for all i G I. (4.13) 

If A is finite, then (|4.12|) and (|4.13p are actually equivalent 

Proof. For Lemma l4~2l (ii) to hold, it is necessary that, for every i € I, there exists 
a nonzero nonnegative measure of finite energy, compactly supported in A4, which 
in turn is equivalent to (|4.13|) according to !9] Lemma 2.3.1]. Since the former 
implication can obviously be inverted if A is finite, the proof is complete. □ 

Let g^inf and 5i, S up be the infimum and the supremum of gi over A%. Also write 

ginf := hif fli.inf, gsup := sup # ilSup . 

»£J iel 

Corollary 4.3. Assume < g; n f ^ g sup < 00. Then ()4.12|) holds if and only if 

Proof. Lemma |4 .21 (iii) implies the corollary when combined with the inequalities 

2 2 
" 7 < ||g+(A t ,a t ,g t )|| 2 < 2 ieJ, (4.14) 



to be proved below by reasons of homogeneity. 

To establish (|4.14l) . fix i G I. One can certainly assume C{Ai) to be nonzero, 
for otherwise Corollary |4.2l with I = {i} shows that each of the three parts in (|4.14l) 
equals +00. Consequently, there exists Qi G £ + (Ai, 1,1). Since 

„ a 

G £ + {A l ,a i ,g l ), 



J gi Ad. 
we get 

a? \\0i\\ 2 > gl M i \n\ 2 > glint ||£ + (^,o i>ffi )|[ a , 

and the right-hand side in (|4. 14[) is obtained by letting Oi range over £ + (Ai, 1,1). 
To verify the left-hand side, fix u>i G £ + (Ai,ai, g{). Then 

Hence, cjj/w,-(X) G £ + (A ; , 1, 1) and 

Ikf^a 2 5 r2 up ||£+(yl i ,i,l)||2. 

In view of the arbitrary choice of cj; G £ + (Ai, ai, gi), this completes the proof. □ 



1 However, l|4.12jl and l|4.13jl are no longer equivalent if A is infinite — cf. Corollary 1 1.31 
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In the following assertion, providing necessary conditions for cap A to be finite, 
it is assumed that g^inf > for all i £ I. 

Lemma 4.3. //cap (A, a, g) < oo, then there exists j £ / with C(Aj) < oo. 

Proof. Under the assumptions of the lemma, suppose C(Ai) = oo for all i £ I. 
Given e > 0, for every i £ / one can choose fj, 1 £ £ + {A il 1,1) with compact support 
so that ||//|| ^ ea~ l i~ 2 3i,i n f- Since then 

ie/ 7^ e ' (A ' a ' g) 

and ||/i|| ^ £^2ifz[ i~ 2 , we arrive at a contradiction by letting e —> 0. □ 

Remark 4.1. It will be shown by Corollary 17.21 below that, under certain addi- 
tional restrictions, Lemma 14.31 can be inverted. 

5 Minimizing measures on condensers: existence, uniqueness, A- vague 
compactness, continuity 

Because of (I4.12p . we are naturally led to the £ (A, a, g)-problem (cf. Sec. [4]), i.e., 
the problem on the existence of A = Aa £ £ (A, a, g) with minimal energy 

||A A || 2 = ||£(A,a,g)|| 2 . 

Let ©(A, a, g) denote the class of all minimizers Aa- 

5.1 Uniqueness properties of Aa 

We start by observing that any two minimizers (if exist) are equivalent in £ (A), 
i.e., 

||Ai-A 2 ||=0 for all Ai, A 2 £ 6(A, a, g). 

Indeed, this follows from the convexity of £ (A, a, g) and the parallelogram identity 
in £, applied to RXi and i?A 2 . Thus, Ai = A 2 provided the kernel k is strictly 
positive definite, and Ai = A 2 if, moreover, all A^, i £ I, are mutually disjoint. 

What about the existence of minimizers? Assume for a moment that A is 
finite and compact and that k is continuous on A + x A". Then 9Jt(A,a, g) is 
A-vaguely compact while \\n\\ 2 is A-vaguely lower semicontinuous on £(A) and, 
therefore, the solvability of the £ (A, a, g)-problem follows. See [19j Th. 2.30]; 
cf. also [TTJ [HI [HI HQ], related to the logarithmic kernel in the plane. 

However, these arguments break down if any of the above three assumptions 
is dropped. In particular, 9Jt(A, a, g) is no longer A-vaguely compact if A is 
noncompact. 

To solve the problem on the existence of minimizers Aa in the general case 
where a condenser A is infinite and (or) noncompact, we develop an approach 
based on both the A- vague and strong topologies in the semimetric space £(A), 
introduced for finite condensers in |22[ f23l [24] . 
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5.2 Standing assumptions 



Unless explicitly stated otherwise, in all that follows it is required that the kernel k 
is consistent and either I~ = 0, or the following conditions are both satisfied: 

iei 

sup k(x, y) < 00. (5-2) 

16A+, y€A- 

Remark 5.1. These assumptions on a kernel are not too restrictive. In particular, 
they all are satisfied by the Newtonian, Riesz, or Green kernels in R n , n ^ 2, 
provided the Euclidean distance between A + and A" is nonzero. 



5.3 Existence of minimizers Aa- A- vague compactness 

A proposition R(x) involving a variable point x £ X is said to subsist nearly 
everywhere (n. e.) in E, where E is a given subset of X, if the set of all x e E for 
which R{x) fails to hold is of interior capacity zero [9]. 

Theorem 5.1. For every i E I, assume that either <7i iS up < 00, or there exist 
T{ G (1, 00) and LJi £ £ such that 

g n (x) ^ K(x,uii) n.e. in Aj. (5-3) 

//, moreover, Ai either is compact or has finite capacity^ 

C{Ai) < 00, 

then for any vector a the class 6 (A, a, g) is nonempty and K-vaguely compact. 

Corollary 5.1. If A. = K is compact, then for any a and g the class @(A, a, g) 
is nonempty and A-vaguely compact. 

Proof. This is an immediate consequence of Theorem 15.11 since gi is bounded 
on Ki. □ 



5.4 On continuity of minimizers 

When approaching A by the increasing family {K}a of the compact condensers 
K -< A, we shall always suppose all those K to be of capacity nonzero. This 
involves no loss of generality, which is clear from (|4.12p and Lemma 14.11 Choose 
an arbitrary Ak G ©(A,a,g) — its existence has been ensured by Corollary 15. II 

Theorem 5.2. Let all the conditions of Theorem 15.11 be satisfied. Then every 
A-vague cluster point of (Ak)kg{k} a (such a cluster point exists) belongs to 
6 (A, a, g). Furthermore, if Aa E ©(A, a, g) is arbitrarily given, then 

lim ||A K - A A f = 0. 



2 Note that a compact set K C X might be of infinite capacity; C(K) is necessarily finite 
provided the kernel is strictly positive definite [9]. On the other hand, even for the Newtonian 
kernel, sets of finite capacity might be noncompact (see |ltj|). 
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Thus, under the assumptions of Theorem l5.2[ if moreover k is strictly positive 
definite and all Ai, i £ I, are mutually disjoint, then the (unique) minimizer Ak 
approaches the (unique) minimizer Aa both A- vaguely and strongly as K ^ A. 

The proofs of Theorems 15.11 and 15.21 to be given in Sec. [5] (see also Sec. [7] for 
certain crucial auxiliary notions and results) , are based on a theorem on the strong 
completeness of proper subspaces of £ (A), which is a subject of the next section. 



6 Strong completeness of measures associated with condensers 

As always, assume all the standing assumptions, stated in Sec. 15.21 to hold. Having 
denoted 

£DT(A, <a, g) := j/i e £Dt(A) : J g, dfi 1 < a, for all i € /}, 

we treat £ (A, ^ a, g) := 3Jt(A, ^ a, g) n £ (A) as a topological subspace of the 
semimetric space £(A); the induced topology is likewise called the strong topology. 
Our purpose is to show that £ (A, ^a, g) is strongly complete. 



6.1 Auxiliary assertions 

Lemma 6.1. 3Jl(A, ^a, g) is A-vaguely bounded and, hence, A-vaguely compact. 

Proof. Fix i £ I, and let a compact set K C Ai be given. Since gi is positive and 
continuous, the relation 

a-i ^ / gidfi 1 ^ fi?(K) min gi(x), where \i € 9Jt(A, <a, g), 

J x£K 

yields 

sup 1^{K) < oo. 

^e£DT(A,<a,g) 

This implies that 9Jt(A, ^ a, g) is A- vaguely bounded, and hence it is A- vaguely 
relatively compact by Lemma 13.11 Since it is A-vaguely closed in consequence 
of Lemma 13.31 the desired assertion follows. □ 

Lemma 6.2. If a net (/i s ) se <j C £(A, ^ a, g) is strongly bounded, then its A-vague 
adherence is nonempty and contained in £(A, ^a, g). 

Proof. According to Lemma 16.11 the A-vague adherence of (/x s ) s6 s is nonempty 
and contained in 9Jt(A, ^a, g). To establish the lemma, it is enough to prove that 
every its element \x is of finite energy. 

To this end, observe that (R/j, s ) s& s is strongly bounded by (|3.5|) . We proceed 
by showing that so are the nets (R/j,j) s ^s an d (R/j,j) sE s, i-e., 

sup \\Rnf\\ 2 < oo. (6.1) 
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Of course, this needs to be proved only when I ^ 0; then, according to the 
standing assumptions, (|5.ip and (|5.2[) both hold. Since J gid/j? a ^ a.;, we get 

sup /4(X) ^ a^r^ for all i 6 /. (6.2) 

Consequently, by (|5.ip . 

sup Rnf(X) ^ V a.y^f < oo. 

Because of (|5.2p . this implies that n(Rfi^ , R/J-j) remains bounded from above on £>; 
hence, so do ||i?/t+|| 2 and ||i?/ij|| 2 . 

Now, if (nd)deD is a subnet of (fi s ) se s that converges A- vaguely to /*, then, 
by Lemma 13.21 (Rfj,^)deD and (R/i d ~)d£D converge vaguely to i?/t + and -ff/z - , 
respectively. Therefore application of Lemma 13.31 with Y = XxX and ip = k 
enables us to conclude from (|6.1j) that R/u, + and i?/i~ are of finite energy. This 
yields /i) < oo as required. □ 

Corollary 6.1. 7/(/i s ) se s C £(A, ^a, g) is strongly bounded, then 

sup 1| 2 < oo, iel. (6.3) 

Proof. It is seen from (|6.ip that the claimed relation (|6.3I) will be proved once we 
show that 

>C>-oo, (6.4) 

where C is independent of s. Since this is obvious when k ^ 0, one can assume X 
to be compact. Then k, being lower semicontinuous, is bounded from below on X 
(say by — c, where c > 0), while A is finite. Furthermore, then gi t i n { > for all 
i £ I and, hence, (|6.2I) holds. This implies that «;(/**, /4) ^ ~ a i a j 97L( 9jL{ c f° r 
all i, j 6 /, and (|6T4")| follows. □ 



6.2 Strong completeness of £(A, ^a, g) 

Theorem 6.1. The semimetric space £(A, ^a, g) is complete. In more detail, if 
(/x s ) sS 5 is a strong Cauchy net in £{A, ^a, g) and \x is one of its A-vague cluster 
point (such a fi exists), then fi £ £ (A, ^a, g) and 

lim \\^-fi\\ 2 = 0. (6.5) 

Assume, in addition, that the kernel is strictly positive definite and all Ai, i <E I , 
are mutually disjoint. If moreover (/i s ) se s C £(A, ^ a, g) converges strongly to 
fiQ 6 £ (A), then actually /to G £(A, ^a, g) and fi s — > /io A-vaguely. 

Proof. Fix a strong Cauchy net (/j, s ) s& s C £ (A, ^ a, g). Since such a net converges 
strongly to every its strong cluster point, (/i s ) s< =s can certainly be assumed to be 
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strongly bounded. Then, by Lemma \G.2l there exists an A- vague cluster point /x 
of (p a ) a& s, and 

\x G £(A, ^ a, g). (6.6) 

We next proceed by verifying (|6.5[) . Of course, there is no loss of generality in 
assuming (/i s ) s gg to converge A-vaguely to \i. Then, by Lemma [3.21 (Rnf)ses 
and (Rfj,j) s& s converge vaguely to and R/J,~ , respectively. Since, by (16. ip . 
these nets are strongly bounded in £+, the property (C2) (see Sec. [2]) shows that 
they approach Rfi + and RpT , respectively, in the weak topology as well, and so 
Rfi s —> i?/x weakly. This gives, by p.6[) , 

||/x s - [i\\ 2 = \\R/J, a - R[i\\ 2 = lim k(R/j, s - Rfi, Rfi s - Rm), 
and hence, by the Cauchy-Schwarz inequality, 

\\Vs - Mil 2 < Wfa - Mil liminf \\fi a - m\\, 
les 

which proves (|6.5p as required, because \\/i s — /x/|| becomes arbitrarily small when 
s, I G S are both sufficiently large. 

Suppose now that k is strictly positive dehnite, while all A { , i e I, are mutually 
disjoint, and let the net (/i s ) s es converge strongly to some /i G £(A). Given an 
A-vague limit point (i of (/i s ) s gSj we conclude from (|6.5I) that ||/i — = 0, hence 
Ho = /x since k is strictly positive definite, and finally /io = A* because Aj, i S /, 
are mutually disjoint. In view of (|6.6p . this means that /xo G f (A, ^a, g), which is 
a part of the desired conclusion. Moreover, /io has thus been shown to be identical 
to any A-vague cluster point of (fi s ) se s- Since the A-vague topology is Hausdorff, 
this implies that /io is actually the A-vague limit of (fi s ) s< zs (cf. [TJ Chap. I, § 9, 
n° 1, cor.]), which completes the proof. □ 

Remark 6.1. In view of the fact that the semimetric space £(A, ^ a, g) is iso- 
metric to its i?-image, Theorem 16.11 has thus singled out a strongly complete topo- 
logical subspace of the pre- Hubert space E , whose elements are signed measures. 
This is of independent interest since, according to a well-known counterexample 
by H. Cartan 0], all the space 8 is strongly incomplete even for the Newtonian 
kernel \x - y\ 2 ~ n in M", n ^ 3. 

Remark 6.2. Assume k is strictly positive definite (hence, perfect). If moreover 
I~ = 0, then Theorem 16 . 1 1 remains valid for 8(A) in place of £(A, ^ a, g) (cf. The- 
orem l2.1] ). A question still unanswered is whether this is the case if I + and I~ are 
both nonempty. We can however show that this is really so for the Riesz kernels 
\x - y\ a ~ n , < a < n, in R n , n > 2 (cf. [21j Th. 1]). The proof utilizes Deny's 
theorem [5] stating that, for the Riesz kernels, £ can be completed by making use 
of distributions of finite energy. 

7 Extremal measures 

To apply Thcorcm l6.1l to the £(A, a, g)-problem, we next proceed by introducing a 
concept of extremal measure defined as a strong and, simultaneously, the A-vague 
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limit of a minimizing net. Since the energy of such a measure equals the infimum 
value ||£(A, a, g)|| 2 , it serves as a minimizer if and only if it belongs to the class 
£ (A, a, g). See below for the strict definition and related auxiliary results. 

7.1 Minimizing nets; their A-vague and strong cluster points 
Definition 7.1. We call a net (/x s ) se s minimizing if (fi s ) se s C £o(A, a, g) and 

lim> s || 2 = ||£(A,a,g)|| 2 . (7.1) 

Let M(A, a, g) consist of all minimizing nets, and let A4(A, a, g) stand for the 
union of all their A-vague cluster sets. Note that M(A, a, g) is nonempty, which 
is clear from (14. 12)) in view of Corollary 14.11 Hence, according to Lemma 16.21 
M.{A, a, g) is nonempty as well, and 

M(A,a,g) c5(A,a,g). (7.2) 

Definition 7.2. A measure 7 G £(A) is called extremal in the £(A, a, g)-problem 
if there exists (fi s ) se s £ M(A, a, g) converging to 7 both strongly and A-vaguely; 
such a net (/x s )ses is said to generate 7. The collection of all extremal measures 
will be denoted by (S(A, a, g). 

7.2 Extremal measures: existence, uniqueness, and compactness 

It follows from Definition 17.21 and relations (|7.ip and (|7.2|) that an extremal mea- 
sure 7 (if exists) belongs to the class £(A, ^a, g) and satisfies the identity 

||7|| 2 H|£(Aa, 3 )|| 2 . (7.3) 
Lemma 7.1. The following assertions hold true: 

(i) From every minimizing net one can select a subnet generating an extremal 
measure; hence, £(A, a, g) is nonempty. Furthermore, 

<S(A,a,g)=M(A,a,g). (7.4) 

(ii) Every minimizing net converges strongly to every extremal measure; conse- 
quently, €(A,a, g) is contained in an equivalence class in £(A). 

(hi) The class C£(A, a, g) is A-vaguely compact. 

Proof. Fix (fi s ) se s an d {vt)teT in M(A, a, g). It is seen with standard arguments 
that 

lim ||/i a -i/ t || 2 = 0, (7.5) 

(s.t)eSxT 

where S x T denotes the directed product of the directed sets S and T (see, 
e.g., [HI Chap. 2, § 3]). Indeed, by the convexity of the class £(A, a, g), 

2||£(A,a,g)|| < ||^ + ^|| < IHI + INI, 
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and hence, by (|7.1[) . 

lim ||^ + ^|| 2 = 4||£(A,a,g)|| 2 . 

(s : t)eSxT 

Then the parallelogram identity in £, applied to Rfi s and Rvt, gives (I7.5[) . 

Relation (I7.5[) implies that the net (/i s ) se s is strongly fundamental. There- 
fore, if /io is one of its A- vague cluster points (such a no exists), then /i s — > /io 
strongly by Theorem 16. II This means that /io is an extremal measure and, hence, 
.M(A,a, g) C (£(A, a, g). Since the inverse inclusion is obvious, (|7.4[) follows. 

To prove (ii), fix (fi s )ses € M(A,a,g) and 7 G <£(A,a, g). By Definition 17721 
one can choose a net in M(A, a, g), say (f t ) tg T, converging to 7 strongly. Repeated 
application of (17.51) shows that also (/i s ) se s converges to 7 strongly, as claimed. 

To verify (iii), it is enough to show that A4(A, a, g) is A- vaguely compact. Fix 
(js)ses C M(A, a, g). It follows from (|7.2p and Lemma RTT1 that there exists an A- 
vague cluster point 70 of (j s ) se s'i let (7t)teT be a subnet of (7 s ) s es that converges 
A-vaguely to 70. Then, for every i G T, there exists (^s t )s t eS t G M(A,a, g) 
converging A-vaguely to 74. Consider the Cartesian product Y[ {St ■ t E T} - 
that is, the collection of all functions j3 on T with j3{t) G St, and let I? denote the 
directed product Tx]J {S t : i G T} (see, e. g., [HI Chap. 2, § 3]). Given (t, (3) G L>, 
write /i(t,/3) := M/3(t)- Then the theorem on iterated limits from |15[ Chap. 2, § 4] 
yields that the net {n(t,/3))(t,i3)£D belongs to M(A, a, g) and converges A-vaguely 
to 70. Thus, 70 G M(A, a, g) as was to be proved. □ 

Corollary 7.1. Every minimizing measure A = Aa (if exists) is extremal, i. e., 

6(A,a,g) c <S(A,a,g). (7.6) 

Proof. For every sufficiently large K G {K}a, wc define Ak by (14. 7| with A instead 
of fi. Then (Ak)ks{k} a belongs to M(A,a, g), which is clear from (|4.9I) with \i 
replaced by A. On the other hand, this net converges A-vaguely to A; hence, 
A G A^(A,a, g). Combined with (|7.4[) . this completes the proof. □ 

7.3 Central lemma 

The following assertion will be central in the proof of Theorem 15.11 

Lemma 7.2. Fix i G / and assume that either g^sup < oo, or (|5.3|) holds for some 
n G (l,oo) and u>i G £. If moreover, Ai either is compact or has finite interior 
capacity, then 

J g r d 7 l = at for all 7 G <£(A, a, g). (7.7) 

Proof. Given 7 G <£(A,a, g), choose a net (fi s ) s( zs £ M(A,a, g) that converges 
to 7 both strongly and A-vaguely. Taking a subnet if necessary, one can certainly 
assume ([i s ) se s to be strongly bounded. 

Of course, (|7.7p needs to be proved only if the set Ai is noncompact; then its 
capacity has to be finite. Hence, by [9j Th. 4.1], for every E C Ai there exists a 
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measure 9e G £ + (E), called an interior equilibrium measure associated with E, 
which admits the properties 

9 E (X) = \\9 E \\ 2 = C(E), (7-8) 

n(x,9 E ) ^ 1 n.c. in E. (7.9) 

Also observe that there is no loss of generality in assuming gi to satisfy (|5.3p 
for some ri e (l,oo) and Uj £ £. Indeed, otherwise gi has to be bounded from 
above (say by Mi), which combined with (|T.9[) again gives (|5.3j) for uji := Mp 9 At, 
r,j G (l,oo) being arbitrary. 

To establish (|7.7|) . we shall treat as a locally compact space with the topol- 
ogy induced from X. Let xe denote the characteristic function of a given set 
E C Ai and let E c := A{ \ E. Further, let {Ki} be the increasing family of 
all compact subsets Ki of Ai. Since giXKi is upper scmicontinuous on Ai while 
(/Lt*) se s converges to 7* vaguely, from Lemma T3.3I we get 

/ 9i Xk z d-y* ^ limsup / g t \K t d^ s for every K l <E {Ki}. 

J sES J 

On the other hand, application of Lemma 1.2.2 from [S] yields 



g l df = lim / gi xk { df 

Ki€{Ki} 



Combining the last two relations, we obtain 
ai ^ gid-y 1 > limsup i 9iXK z d^\ = ai - liminf / giXK^dptl, 

J (s, Ki)£Sx(Ki} J (s, Ki)ESx{Ki} J 



(s,K,)ESx{Ki} 

S x {Ki} being the directed product of the directed sets S and {Ki}. Hence, if 
we prove that 

, irK,, 9iXK t d^ s = Q, (7.10) 

(s, Ki)ESx{Ki} J 

the desired relation (JT77J) follows. 

Consider an interior equilibrium measure 9k c , where Ki e {Ki} is given. Then 
application of Lemma 4.1.1 and Theorem 4.1 from |9, shows that 

Pk9 - e R c || 2 s=: p K c || 2 - \\9 Kf || 2 provided K t C K % . 

Furthermore, it is clear from (|7.8|) that the net ||^kf||j Ki £ {Ki}, is bounded and 
nonincreasing, and hence fundamental in R. The preceding inequality thus shows 
that the net {9K c )Kie{Ki} is strongly fundamental in £. Since, clearly, it converges 
vaguely to zero, the property (Ci) (see. Sec. [2]) implies immediately that zero is 
also one of its strong limits and, hence, 

lim l ||0*c||=O. (7.11) 

Ki€{K z } 
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Write qt :— ri(ri — 1) , where G (l,oo) is a number involved in condi- 
tion (|5.3p . Combining (|5.3p with (|T.9[) shows that the inequality 



9i(x) Xk?(x) < n(x,uj l ) 1/ri K(x,9 K f) 1/qi 

subsists n. e. in Ai, and hence /x'-almost everywhere in Ai by virtue of Lemma 2.3.1 
from [S] and the fact that /x* is a measure of finite energy, compactly supported 
in Ai. Having integrated this relation with respect to /i*, we then apply the Holder 
and, subsequently, the Cauchy-Schwarz inequalities to the integrals on the right. 
This gives 



k(x, oji) dfj, l s (x) 



l/r t r 



Ih 



1/9. 



Taking limits here along S x {K} and using (|6.3|) and (|7.11|) . we obtain (|T. 10[) as 
desired. □ 

Corollary 7.2. Assume that for every i G / either g^sup < oo, or (|5.3j) holds for 
some Ti £ (1,cxd) and U)i G £ . If moreover k is strictly positive positive (hence, 
perfect), while C'(Aj) < oo for some j S /, then cap (A, a, g) is finite as welfi^. 

Proof. In consequence of Lemma 17.21 every extremal measure 7 (whose existence 
has been ensured by Lemma 17. ip is nonzero; hence, due to the strict positive 
definiteness of the kernel, ||7|| 2 ^ 0. When combined with (|7.3p . this yields 
|£(A, a, g)|| 2 7^ 0, as was to be proved. □ 



8 Proof of Theorems [O and ET2l 

Basing on the results of Sec. [3 we are now in a position to complete the proofs of 
Theorems O and O 

Assume that k, A, a, and g satisfy all the restrictions of Theorem 15.11 Fix an 
arbitrary 7 6 £(A, a, g) — it exists due to Lemma T7.ll (i). Then, by Lemma I7T21 
(|7.7I) holds for every i e / and, consequently, 7 e £(A, a, g). In view of (17. 3p . 
this shows that 7 is actually a minimizer in the £(A, a, g)-problem. Hence, the 
£ (A, a, g)-problem is solvable and, moreover, l£(A, a, g) C ©(A, a, g). When 
combined with (|7.6p . this gives <£(A, a, g) = ©(A, a, g). Therefore Lemma [7TT| (iii) 
yields the A- vague compactness of ©(A, a, g), and the proof of Theorem 15.11 is 
complete. Because of (|7.4p . the last identity also implies 

6(A, a, g) = (S(A, a, g) = M(A, a, g). (8.1) 

To prove Theorem l5.2[ for every K G {K}a fix an arbitrary Ak G ©(K, a, g) — 
its existence has been ensured by Corollary 15. II According to Lemma |4~T1 

(AK) Ke{ K} A GM(A,a,g). (8.2) 

3 Cf. Lemma [431 
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Therefore, by (|8.1I) . every A-vague cluster point of (Ak)kg{k} a i s an element 
of 6 (A, a, g), which is a part of the desired conclusion. 

What is left is to show that Ak — > A a strongly, where Aa G S(A, a, g) is arbi- 
trarily given, but this is obtained directly from (|8.ip . (I8.2p . and Lemma EU (u). 
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